A generic feature of scalar extensions of general relativity is the coupling of the scalar degrees of freedom to the trace T of the energy-momentum tensor of matter fields. Interesting phenomenology arises when the trace becomes positive-when pressure exceeds one third of the energy density-a condition that may be satisfied in the core of neutron stars. In this work, we study how the positiveness of the trace of the energy-momentum tensor correlates with macroscopic properties of neutron stars. We first show that the compactness for which T = 0 at the stellar center is approximately equation-of-state independent, and given by C = 0.262
I. INTRODUCTION AND SUMMARY
A generic feature of scalar extensions of general relativity (GR) is the coupling of the scalar degrees of freedom to the trace of the energy-momentum tensor of matter fields. Indeed, a typical field equation in scalar-tensor gravity would have the schematic form [1] 
where g denotes the covariant wave operator, defined in terms of a derivative operator compatible with a metric g µν that obeys some modified version of Einstein's equations, α(φ) is a coupling function, V (φ) is a potential term, and T := g µν T µν , where T µν := (2/ √ −g)δS m /δg µν , with S m denoting the action for the matter fields. Interestingly, new phenomenology may arise in scalartensor theories when T changes sign. For instance, it was shown in Refs. [2] [3] [4] that scalar-tensor theories that reproduce the predictions of GR in the regime of weak gravitational fields [5, 6] may deviate considerably from GR around neutron stars (NSs) when T becomes positive in the stellar interior. The new effects, which include spontaneous scalarization [7] of the star or gravitational collapse to a black hole, could leave observable signatures in electromagnetic and gravitational-wave data, and enable * dpodkowk@uoguelph.ca † rfpmendes@id.uff.br ‡ epoisson@uoguelph.ca unique tests of these theories. Instabilities that depend on the positiveness of T were also identified in theories with screening mechanisms [8, 9] . Importantly, these effects depend on the value of T inside general-relativistic stars, and not inside equilibrium configurations already altered by the presence of the scalar field. In order to explore the full potential of these effects in constraining scalar-tensor theories of gravity, a necessary step is to understand how the positiveness of T is connected to macroscopic, observable properties of neutron stars. This is the question addressed in this paper.
For a perfect fluid with energy density and pressure p in the fluid frame, and 4-velocity u µ of fluid elements, the energy-momentum tensor is given by
and its trace is T = 3p − . Because the condition 3p ≤ holds for the electromagnetic field and for a system of non-interacting particles, it is sometimes assumed to hold in all generality [10] . However, as was pointed out long ago by Zel'dovich, relativistic invariant, causal theories describing strongly interacting systems may display the property 3p > [11] . This condition does not imply violation of causality, which is embodied in the requirement that the sound speed c s ≡ ∂p/∂ be subluminal, or of any energy condition. Indeed, many theoretical equations of state (EoS) for neutron stars predict that T should become positive in the core of the most massive and compact configurations [12] . In fact, to date much uncertainty remains regarding the EoS for cold dense matter well above the nuclear saturation density, given by n ns ≈ 0. 16 . Configurations for which T < 0 in the entire stellar interior are displayed in orange, while those for which T > 0 in some region inside the star are depicted in blue. We highlight in cyan the configurations for which T = 0 at the stellar center, which marks the transition between the previous regimes. The red dashed line corresponds to M = (c 2 /G)CR, with C = 0.262, as discussed in the main text.
terms of the baryon mass density. The theoretically proposed models vary considerably in their assumptions on the microscopic constitution of ultradense matter, ranging from pure nucleonic models to models including hyperons, condensates formed of mesons, or quark matter [12, 13] . Not all of these models give rise to stable stars inside of which T > 0. This feature depends crucially on the stiffness of the EoS, and is less likely to occur for models that include hadronic degrees of freedom which soften the EoS at high densities, such as hyperons or quarks [2] . However, it is definitely the case that the current uncertainty on the nuclear EoS leaves ample room for us to entertain the possibility that the condition T > 0 is satisfied inside some neutron stars in Nature.
To add concreteness to the discussion, in Fig. 1 we display mass-radius curves for several equations of state, drawn from a space of phenomenologically parametrized models described in Sec. II A. Solutions for which T > 0 in a region of the stellar interior are displayed in blue. Notice that not all EoS admit such configurations, as was mentioned before. Crucially, Fig. 1 shows that, for different EoS, the point along a sequence of equilibrium solutions at which T first becomes positive does not have a unique mass M or radius R, but does have a quasiuniversal compactness C = GM/(Rc 2 ), where G is Newton's constant and c is the speed of light. This was already noticed in Ref. [2] for a few EoS, but in Sec. III this property is quantified more precisely, and we determine the critical compactness as C = 0.262
The stellar compactness thus seems to be the macroscopic property that best relates to the microscopic condition T > 0. The compactness of a neutron star can be directly inferred, at least in principle, from the measurement of the gravitational redshift of spectral lines produced at the surface of the star [14] . But the actual measurement is difficult, and subject to systematic errors [15] . Alternatively, one can consider joint measurements of neutron star masses and radii. Presently, masses of approximately 40 neutron stars are known precisely, thanks mainly to the observation and timing of pulsars in binary systems; the determination of neutron star radii has proven more elusive. These measurements typically rely on the detection of thermal X-ray emissions from the surface of the star, combined with distance estimates, and they still face large uncertainties [13] . Nonetheless, the precise determination of neutron star radii is a major scientific goal for current and future X-ray missions, such as NICER [16] and LOFT [17] , as they can provide invaluable information about the nuclear EoS. Complementary information on NS radii may also be provided by the measurement of the moment of inertia of exquisitely timed pulsars [18] . Moreover, gravitational-wave measurements from binary neutron star systems, such as GW170817 [19] , can also constrain the nuclear EoS and provide radius estimates, as the waveform carries information about each neutron star's tidal deformability and possibly its oscillation frequencies. Indeed, the gravitational-wave event GW170817 already enabled the LIGO and Virgo collaborations to set upper limits on the tidal deformabilities of the binary components [19] approximately 10.7 km, then we can ascertain with 90% confidence that T > 0 in a region of the stellar interior. Note that such a value for the stellar radius is entirely consistent with current spectroscopic measurements [21] .
Next, we assume that relatively accurate measurements of neutron star properties will be made in future years, and explore, in a Bayesian framework, how these measurements could be translated into a probability distribution function (PDF) for T c , the central value of the trace of the energy-momentum tensor. We describe the procedure and its underlying assumptions in Sec. IV. Figure 2 shows a sample of our results: we display the PDF for T c for selected values of a hypothetical measurement of the stellar compactness. If a sufficiently high NS compactness is measured in the coming years, the probability distribution for T c can be directly translated into constraints on scalar-tensor theories of gravity based on effects such as those described in Refs. [2] [3] [4] . Further discussion is deferred to Secs. IV and V.
In the remainder of the paper we adopt geometrized units with G = c = 1.
II. SETTING A. Models for the nuclear equation of state
An equation of state (EoS) is a pair of equations, p = p(ρ) and = (ρ), which relate the pressure p and energy density to the rest-mass density ρ (also known as baryon-mass density). We adopt a phenomenological parametrization for the nuclear EoS consisting of polytropic phases, where
which are joined together continuously at the dividing rest-mass densities ρ i . The energy density is obtained from the first law of thermodynamics for a homentropic fluid, d( /ρ) = −pd(1/ρ), which yields
where a i is an integration constant given by
. A variety of piecewise-polytropic parametrizations for the EoS have been proposed in the literature [22] [23] [24] [25] [26] , and here we adopt the four-parameter model of Read et. al [22] . (See Ref. [27] for a discussion of possible shortcomings of this parametrization when one seeks to determine EoS parameters from a set of measured NS properties. These are of no concern to us in this paper.) Namely, the EoS at low densities is fixed (to the piecewise-polytropic approximation [22] of the EoS of Ref. [28] ) and is matched to a polytrope with adiabatic exponent Γ 1 . At a fixed density ρ 1 = 10 14.7 g/cm 3 (ρ 1 ≈ 1.85ρ ns ) and pressure p 1 = p(ρ 1 ), the EoS is joined to a second polytropic phase characterized by the exponent Γ 2 . Finally, at ρ 2 = 10 15 g/cm 3 (ρ 2 ≈ 3.7ρ ns ), the EoS transitions to a third phase with exponent Γ 3 . The parameters p 1 and Γ 1 essentially determine the overall radius of an equilibrium configuration, while Γ 2 sets the slope of the massradius curve and Γ 3 roughly determines the maximum mass [21] . The constants K i (i = 1, 2, 3) in Eq. (3) are determined by continuity:
We restrict the ranges of the free parameters
, and 1 < Γ 3 ≤ 5, which were shown to accommodate a diversified set of theoretically proposed EoS [22] . We exclude values of p 1 and Γ 1 which are incompatible, i.e., for which the first polytropic phase falls short of reaching the specified value p 1 [22] .
In the following sections, we will often restrict the range of parameters {p 1 , Γ 1 , Γ 2 , Γ 3 } further, so that the resulting EoS is causal or complies with basic astrophysical requirements. An EoS will be considered to be causal if the sound speed is subluminal, c s := ∂p/∂ < c, inside all stable configurations. A milder restriction, such as c s 1.1c, is sometimes adopted in the literature on piecewise-polytropic models, with the idea that the transition between phases would be smoother in more realistic EoS, leading to a smaller value of c s [22] . Here we will opt for the more stringent constraint. Additionally, a lower bound will often be imposed on the maximum mass allowed by the EoS. This is necessary to account for the large observed masses of some neutron stars, such as (2.01 ± 0.04)M for the pulsar PSR J0348 + 0432 [29] . We adopt the conservative lower bound M max ≥ 1.95M . Our precise assumptions on the EoS parameters {p 1 , Γ 1 , Γ 2 , Γ 3 } will be stated at each point of our analysis.
B. Hydrostatic equilibrium
The equations governing the hydrostatic equilibrium of a spherically symmetric, static star with line element
are given by dm dr = 4πr 2 , dp dr
as well as dψ/dr = −( + p) −1 dp/dr. We assume that an EoS has been specified as in Sec. II A, relating the pressure p and energy density to the rest-mass density ρ.
Instead of directly integrating Eq. (6), we shall adopt a modified version of the enthalpy formulation of Ref. [30] . The specific enthalpy is defined as
and it can replace ρ as the EoS parameter if we determine = (h) and p = p(h). The definition of h and the first law imply that dh/h = dp/( + p). Therefore, dψ = −d ln h, and integration returns e 2ψ = (1 − 2M/R)/h 2 , where we used h(R) = 1 and e 2ψ(R) = 1 − 2M/R by continuity with the external Schwarzschild metric. We make the change of variables
with c := (r = 0), h c := h(r = 0), and r 2 0 := 3(h c − 1)/(2π c ). With θ selected as independent variable, the structure equations (6) become
These equations are integrated in the interval 1 ≥ θ ≥ 0, with initial conditions ζ(θ = 1) = 0 and ω(θ = 1) = 1.
The surface values ζ s := ζ(θ = 0) and ω s := ω(θ = 0) enable a computation of the total mass M and stellar radius R. The compactness is given by M/R = 2(h c − 1)ζ s ω s . The main advantage of the enthalpy formulation is that the integration limits for the structure equations are known explicitly, instead of determined by a search for the surface.
In Fig. 3 we plot the radial profile of the trace of the energy-momentum tensor, T = 3p − , for the most massive configuration allowed by four realistic EoS, in their piecewise-polytropic representation given in Ref. [22] . At the surface of the star, T vanishes, and it is negative near the surface where it is dominated by the rest-mass contribution to the energy density. In the stellar core, T increases as the pressure builds up and, for some EoS, it can become positive in a region of the stellar interior. Note that at asymptotically high densities, ρ → ∞, the theory of quantum chromodynamics predicts the deconfinement of quarks and a free-quark gas behavior, for which again T → 0 [12] . For the densities and pressures found in the core of neutron stars, the behavior of matter is still poorly understood, and a transition to T > 0 is not ruled out by known nuclear physics.
III. PROPERTIES OF A STAR WITH Tc = 0
As was already anticipated in Sec. I (cf. Fig. 1 ), for an EoS to allow T > 0 inside a NS, the basic requirement is that it must support sufficiently compact stable configurations. In this section we investigate the properties of the critical solution along each equilibrium sequence for which T c := T (r = 0) = 0. We sample the EoS parameters uniformly in log(p 1 ), Γ 1 , Γ 2 , and Γ 3 , and for each sample we construct the equilibrium configuration with T c = 0. If this solution is stable and causal, we store its mass and radius. As expected from the analysis of Fig. 1 , the mass and radius distributions of solutions with T c = 0 carry essentially no information, since they − as a function of the areal radial coordinate for the most massive star allowed by four realistic EoS. We adopt the piecewise-polytropic approximation to the APR4, H4, SLy, and MPA1 models, as given in Table III of Ref. [22] .
span the entire range of astrophysically plausible masses and radii for NSs. However, the compactness distribution is much sharper, as the histogram in Fig. 4 shows for a sample of 20,000 EoS. We find that the median and 90% confidence interval for the compactness of a NS with T c = 0 are C Tc=0 = 0.262
If one considers a neutron star in the mass range 1.97-2.05M , such as the pulsar PSR J0348 + 0432 [29] , then the compactness distribution in Fig. 4 can be translated into the critical radius for which the star would have T c = 0. We find R 2M Tc=0 = 11.2 +1.0 −0.5 km. Therefore, if this pulsar's radius was measured to be 10.7 km, then it would be possible to ascertain with 90% confidence that T is positive in a region of the stellar interior. Such a value for a NS radius is entirely consistent with estimates coming from spectroscopic measurements. In particular, in Ref. [21] the radius of a 1.5M NS was estimated to lie in the 10.1-11.1 km range, with previous works on quiescent low-mass X-ray binaries reporting an even smaller typical NS radius of 9.4 ± 1.2 km [31] . It is often reasonable to consider the radius to be approximately constant for NSs in the astrophysically relevant mass range, at least within measurement uncertainties. Therefore, assuming that all NS radii lie in the 10.1-11.1 km range [21] , one can determine how massive a star should be in order that T = 0 at the stellar center. The corresponding mass distribution has a median and 90% credible interval of 1.88 +0.13 −0.16 M . Therefore, it is plausible that the most massive observed neutron stars have T > 0 in their interior.
In Fig. 5 we display a histogram of the maximum speed of sound c s,max inside a star with T c = 0, with uniformly sampled EoS parameters. No further constraints are imposed on the EoS. The histogram is broadly distributed between c s,max ≈ 0.60c and c s,max ≈ 1.12c, with a median of 0.95c. We recall that configurations with c s,max > c were rejected to construct the histogram of Fig. 4 and the associated confidence interval.
IV. BAYESIAN INFERENCE OF Tc
The stellar compactness is the macroscopic property of a neutron star that seems to be related to T c in the most EoS-independent manner. Their relation is illustrated in Fig. 6 for 100 piecewise-polytropic EoS, with log(p 1 ), Γ 1 , Γ 2 , and Γ 3 drawn uniformly from the intervals discussed in Sec. II A, and restricted so that the EoS is causal and supports NSs at least as massive as 1.95M .
A. Bayesian framework
In this section we determine p(T c | D, I), the probability distribution function for T c , the central value of the trace of the energy-momentum tensor, given a set of measured properties D for a neutron star and some background information I. This can be computed by marginalizing p(T c , θ| D, I), the probability that a star of properties D has a central trace T c and EoS parameters
This, in turn, can be obtained from Bayes' theorem,
where p( D|T c , θ, I) is the probability that a star with central trace T c and EoS parameters θ possesses the properties D, p(T c , θ|I) is the prior probability on T c and θ, and N is a normalization constant that can be determined a posteriori.
The marginalization over the EoS parameters in Eq. (12) is carried out via Monte Carlo integration, with
where θ i are N random samples drawn from a uniform distribution of EoS parameters in the intervals discussed in Sec. II A, which define the volume V EoS . The error can be estimated through the sample variance, and decreases as 1/ √ N . Curves are drawn for 100 causal EoS, and they terminate at the maximum value of C for a stable configuration according to each EoS. It should be noted that while Tc is a single-valued function of C for each EoS, C can be a multi-valued function of Tc.
B. Priors
The joint prior on T c and θ can be written as
where p(T c | θ, I) is the probability that a star with EoS parameters θ has the value T c for the trace of the energymomentum tensor at r = 0, and p( θ|I) is the prior probability on the EoS parameters. This is taken to be uniform in the Γ i 's and in log(p 1 ) across the intervals discussed in Sec. II A. The parameters are also required to generate a causal EoS that allows a maximum mass larger than 1.95M (cf. Sec. II A). The prior p(T c | θ, I) on T c is taken to be uniform in the range of possible values for T (ρ) such that ρ ns ≤ ρ ≤ ρ max . Here ρ ns denotes the nuclear saturation density and ρ max denotes the central density of the most massive star predicted by the EoS parameters θ. In order to assess the dependence of our results on the EoS prior, we also consider the effect of imposing a maximum mass cutoff. Recently, several works have attempted to set upper limits to the maximum mass of (nonrotating) neutron stars based on the observation of GW170817 and its electromagnetic counterparts. Combined electromagnetic and gravitational-wave information were used to place the upper limit M max 2.17M in Ref. [32] ; quasi-universal relations were invoked to derive the constraint M max 2.16
, and numerical simulations were used to bracket the maximum mass in the 2.15-2.28M interval [34, 35] . These upper limits also agree with estimates coming from a study of the neutron star mass distribution [36] . Therefore, we will additionally explore the effect of a maximum mass cutoff of 2.3M in our results.
For each choice of EoS prior, we ensure that that N in Eq. (14) is sufficiently large that p( θ|I) = 0 for at least 10,000 samples.
C. Likelihood
Let us first consider a measurement of the stellar compactness. For simplicity, we assume that the measurement corresponds to a Gaussian distribution around the value predicted by general relativity; it would be straightforward to accommodate any other realistic distribution. Let C be the peak of the distribution determined observationally and σ 2 C its variance, which enters as a fixed parameter of the model. With D = {C}, we set
Here C i (T c , θ) denotes the stellar compactness obtained by integrating the structure equations with the EoS parameters θ and central density ρ c,i
The summation index i accounts for the fact that the density may not be a single-valued function of T . Indeed, a careful inspection of Fig. 6 reveals that a given value of T c can be associated with more than one stellar compactness. We will determine the impact of measuring the mass in addition to the compactness, setting D = {M, C}. If we assume that both the compactness and mass measurements correspond to Gaussian distributions around the theoretical values, we can write
Here, M i (T c , θ) denotes the mass obtained by integrating the structure equations with the EoS parameters θ and central density ρ c,i = ρ i (T c ), and σ M represents the uncertainty in the mass measurement.
D. Results Figure 2 shows the probability distribution function (PDF) for the central value of T for several hypothetical measurements of the stellar compactness, ranging from C = 0.200 to C = 0.325. Here, σ C is fixed to 0.03, which corresponds roughly to a 10% (or ∼ 1 km) uncertainty in the radius measurement, assuming a well-measured NS mass. As the compactness increases, it becomes more likely that T c > 0, with a 67.6% probability for C = 0.275 and 92.9% for C = 0.325. Figure 7 explores the effect of changing the EoS prior by imposing a maximum mass cutoff of 2.3M . For low compactness, the effect of a maximum mass cutoff is to displace the mean of the distribution towards lower values of T c . For higher values of C, the distribution is broadened. For comparison, we get a 67.3% probability that T c > 0 for C = 0.275 and 92.6% for C = 0.325; these values are almost the same as those obtained with the less restricted EoS prior. Figure 8 shows how the uncertainty σ C in the compactness measurement affects the PDF for T c . Results are dis- played for a realistic near-future value σ C = 0.03 and a more optimistic value of σ C = 0.01. As σ C decreases, the distribution typically becomes narrower and, for higher values of C, the PDF moves towards higher values of T c . For comparison, when σ C = 0.01 we get a 81.6% probability that T c > 0 for C = 0.275, and 100% for C = 0.325, using an EoS prior with no maximum-mass cutoff. Incorporating a maximum-mass cutoff alters the shape of the distributions considerably, but the values quoted above remain approximately the same.
In Fig. 9 we show how a simultaneous measurement of the mass changes the probability distribution for T c . We consider C = 0.275, σ C = 0.03, and fix the uncertainty in the mass measurement to be small, given by σ M = 0.05M . For such a high compactness, a large value for the measured mass (such as 2.1M in this example) is essentially uninformative, and the distribution is roughly unchanged. However, a relatively small mass (such as 1.8M in this example) dramatically moves the distribution towards negative values of T c . This illustrates the fact, already visible in Fig. 1 , that although a large mass is not a requirement for a neutron star to feature a positive T , the condition T c > 0 only occurs for the most massive stars predicted by each EoS. 
V. CONCLUSIONS
Scalar-tensor theories of gravity predict a rich phenomenology for neutrons stars when T = 3p − becomes positive in a region of the stellar interior. In this work we investigated the relation between this microscopic feature-which depends on the yet-unknown behavior of the equation of state at supranuclear densitiesand macroscopic, observable properties of neutron stars.
We found that the configuration along a sequence of equilibrium solutions at which T first becomes positive (at the stellar center) has a quasi-universal compactness, given by C Tc=0 = 0.262 +0.011 −0.017 (cf. Figs. 1 and 4) . For a star in the mass range 1.97-2.05M , this translates into a radius of 11.2 +1.0 −0.5 km, which is consistent with radii estimates built from spectroscopic measurements [13] .
The positiveness of the trace of the energy-momentum tensor is also related to the condition c s > c/ √ 3, which has been discussed recently in the literature [36, 37] . Indeed, for a linear equation of state of the form p = α , these conditions are equivalent, but they differ for nonlinear EoS (cf. Fig. 5 ). In Refs. [36, 37] it was shown that the observed high masses of some neutron stars rule out c s < c/ √ 3-a condition that had been advocated on theoretical grounds-with high significance. Similarly, the observed high masses and relatively low radii of neutron stars make it plausible that the condition T > 0 is realized inside the most compact and massive neutron stars in Nature.
Measurements of neutron-star radii are still imprecise, and so are direct estimates of the stellar compactness (through, for example, the redshift of atomic spectral lines). In this paper we have imagined a proximate future in which a number of compactness measurements have been obtained with uncertainties no larger than approximately 10%, and explored the impact of such mea-surements on the determination of T c , the central value of the trace of the energy-momentum tensor for the nuclear matter that makes up a neutron star. Our main results are summarized in Figs. 2, 7, 8 , and 9. An observation of a neutron star with a high compactness and a large mass will allow us to infer with high confidence that T c > 0, in spite of our rudimentary knowledge of the equation of state. This star will then constitute a unique laboratory to probe a wide class of scalar extensions to general relativity [2, 4] , which would predict properties that are dramatically different from those of a general-relativistic star.
